Chuong 6
GIAI GAN PUNG
PHUONG TRINH VI PHAN



. GIAI GAN PUNG PTVP CAP 1 :

Xét bai toan Cauchy : tim nghiém y=y(x) cua
phuong trinh vi phan véi gi4 tri ban dau y,
{y’ =1(x,y), VX € [a,b]
y(a) =Yy

C4c phuong phdp gidi gan ding :
» Cong thitc Euler

> Cong thic Euler cdi ti€n

» Cong thitc Runge-Kutta



1. Cong thuc Euler :

P€ tim nghiém gin ding cda bai todn Cauchy
ta chia doan [a,b] thanh n doan nhd bang nhau
vO1 budc h = (b-a)/n

X,=a,X; =X, +h, ..., X, =X, +kh, ..., X, =D

n

Nghiém gan ding cia bai todn 1a diy {y,} gdm
cdc gi4 tri gan ding clia ham tai x,

Tacoy, =~ y(x,),k=0,n



Gid st bai todn c6 nghiém duy nhat y(x) c6
dao ham dén cip 2 lién tuc trén [a,b].

Khai trién Taylor ta cé

Y(Xip1) = Y(X) + Kp 17X Y (X)) + Ky -X)7 Y (§)/2
vO1 &, € (X Xpy 1)

Cong thuc Euler :

Va1 = Y T h (X, ¥ ) , k=0, n-1
vOih=x,,, - x,




Vidu : Dung cong thitc Euler tim nghiém gan
ding cua bai toan Cauchy
y =y -x?+1, 0=x=1
{y(O) =0.5

véin=>5
Tinh sai sO bi€t nghiém chinh xdc 12 :

y(X) = (x+1)? — 0.5¢*
giail
tacoh=0.2
Xg=0,%x,=0.2,%x,=04,x;=0.6,x,=0.8, xs = 1
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COng thuc Euler

{yo =0.5
Yie1 =Y T h (X, y) =y, + 0.2 (y, - sz +1)

k Xy Yi y(xy) ly(x) - ¥, |
0 0 0.5 0.5 0

1 0.2

2 0.4

3 0.6

4 0.8

5 1




A=0

B=0.5

B=B+02(B-A%2+1): A=A+0.2:
(A+1)2-0.5eA:Ans-B

* Nhian xét : cong thitc Euler don gian, nhung sai
s& con 16n nén it dugc st dung




2. Cong thice Euler cai tién :

rYk+1 ZYk'I' (k1+k2)/2 k:O,l, cees n-1
3 kl — hf(Xka Yk)a
_ k2 = hf(Xk+h, Y« —+ kl)




Vidu : Dung cong thitc Euler cdi ti€n tim nghiém
gan ding ctia bai todn Cauchy
y =y -x?+1, 0=x=1
{y(O) =0.5
véin=>5
Tinh sai sO bi€t nghiém chinh xdc 12 :
y(X) = (x+1)? — 0.5¢*

giail

tacoh=0.2

Xg=0,%x,=0.2,%x,=04,x;=0.6,x,=0.8, xs = 1
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Cong thuc Euler cdi tién
'y, =0.5
Vi1 = Y + (K +ky) /2
K= 0.2(y, - X2 +1)
Lk, =0.2(y, + k; — (X,40.2)% +1)

k Xy Yi y(xy) ly(x) - ¥, |
0 0 0.5 0.5 0

1 0.2

2 0.4

3 0.6

4 0.8

5 1




A=0 (x)

B=0.5 (yo
C=02B-A2+1):
D=02B +C-(A+0.2)? + 1):
B=B + (C+D)/2:

A=A+0.2:
(A+1)%-0.5e¢*:Ans-B
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3. Cong thic Runge Kutta bac 4 :

1
[ Vi =V, +E(K1 +2K,+2K, +K,)

K =nf(x.,y,)

K, =hf(x, +ﬁ,yk + Ly
2 2

K, =hf(x, +ﬁ,yk +&)
2 2

\ K, =hf(x,+h,y +K))
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Vidu : Xétbaitodn Cauchy
y’ =2.7xy + cos (x+2.7y), 1.2=x
<{y(l.Z) =54
Dung cong thitc Runge-Kutta tinh gan ding y(1.5)
vO1 budéc h =0.3

giail
Cong thirc Runge-Kutta bac 4
X, =12,y,=54
y, =Y, + K+ 2K,+ 2K+ K,) /6
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K=0.3(2.7x,y, + cos(X,+2.7y,))
K,=0.3(2.7(x,+0.3/2)(y ,+K,/2) +cos(x +0.3/2 +2.7(y +K,/2))

K;=0.3(2.7(x,+0.3/2)(y ,+K,/2) +cos(x,+0.3/2 +2.7(y ,+K,/2))
K,=0.3(2.7(x,+0.3)(y,+K3) +cos(x,+0.3 +2.7(y +K5)

BAm mdy ta dugc

K, =4.949578057 K, =8.367054617
K; =10.33000627 K, =19.41193853
y(1.5) = 15.69260639 = 15.6926
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Vidu : Dung cong thitc Runge-Kutta tim nghiém
gan ding ctia bai todn Cauchy
y =y -x?+1, 0=x=1
{y(O) =0.5
vGin=2>5
Tinh sai sO bi€t nghiém chinh xdc 12 :
y(X) = (x+1)? — 0.5¢*

giail

tacoh=0.2

Xg=0,%x,=0.2,%x,=04,x;=0.6,x,=0.8, xs = 1
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A=0 (x)
B=0.5 (y,)
C=02B-A2+1):

D=02B +C/2-(A+0.1)?2 + 1):
E=02(B +D/2-(A4+0.1)2+ 1):

F=020B +E - (A+0.2)2 + 1):
B =B + (C+2D+2E+F)/6:

A =A+0.2:
(A+1)%-0.5e¢*:Ans-B
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CoOng thuc Runge-Kutta bic 4
Vi = ¥V + (K+ 2K+ 2K+ K,) /6
K,=0.2(y, - X2 +1)
K, =0.2 [y, + 0.1(y, - x.? +1) =(x,+0.1)? +1 ]
=0.2(1.1y, — 1.1x,2 - 0.2x, + 1.09)
K;=0.2[y, +0.1(1.1y, — 1.1x,%2 - 0.2x, + 1.09)

— (X, +0.1)% +1 ]
=0.2(1.11y, — 1.11x,2 - 0.22%x, + 1.099)

K,=0.2[ y,+0.2(1.11y,—1.11x,%-0.22x,+1.099)
— (x,40.2)? +1 ]
=0.2(1.222y,—1.222x,°-0.444x,+1.1798) ;



Yo = 0.5
{ Vie1 = Vi+0.2(6.642y,—6.642x,°—1.284x,+6.5578)/6

k Xy Yk y(X,) ly(X,) - ¥y |
0 0 0.5 0.5 0

1 0.2

2 0.4

3 0.6

4 0.8

5 1
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II. GIAI GAN PUNG HE PTVP :
Xét hé phuong trinh vi phin cip 1

(Y =5 Y Vs s Vi)
Yo =15(X, ¥, Yo coos Vi)

“Y = (X Y Yoo s Vi)
véi a< x < b va thda diéu kién ban dau
y, (@) =0, y(a) =0, ...., ¥, (a) =0

Nghiémy = (y;, Y5, s Vi)
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P€ tim nghiém gan ding, ta chia doan [a,b]
thanh n doan nhd bang nhau véi budc h = (b-a)/n
va cidc diém chia

X,=a,X; =X, +h, ..., X, =X, +kh, ..., X, =D

n

Nghiém gan ding 12 day { y,=(Y; 1 Y210 - Ymi) }
VOl ¥, = Y;i(Xy)

Cong thuc Euler :

Yikse1 = Yik T D (X Y1 s Yt
Vi=l..m; k =0.. n-1
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Cong thic Euler cai tién :
Yike1 = Yix T (Kyi + Ky ) /2
Kii= h (X, Y > Ymi)
K, = hfi(x+h, yy (K g Yo b K )
Vi=1l,m; k =0, n-1

Cong thic Runge-Kutta bac 4 :
Yiker = Yir + (K 2Ky i #2K;5 14K, ) /6
Kii=hfi(X, Y1 s Ym)
K,. = ht(x,+h/2, y, +K,,/2, ...,y +K, ./2)
K;. = ht(x,+h/2, y, +K,,/2, ..., y . +K, . /2)
K,.= ht(xX,+h, y, +K;5, s ¥ K5 )
Vi=l,m; k =0, n-1
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Vidu : S dung cong thitc Euler gidi gan ding
hé pt vi phan

vy, =3y, + 2y, — (2x* +1)e*

{y’z =4y, + y, + (X? +2x —4) e*X

v81 0 =x=0.5
di€u kién ban dau y,(0)=y,(0)=1
budc h =0.1
So sanh v61 nghi€m chinh xac

y,(x) = 1/3e>* —1/3e*+e?*

y,(X) = 1/3e>* +2/3e*+x%e*
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Cong thuc Euler
"Yio=1
LY 1ke1 = Y1kt h Gy + 2y, — (27 +1)e**k)
(Yo0=1
L Yake1 = Yok Hh(dy + o + (X2 +2x; —4) €7%)

Xk Yik ¥y (X Yok Yo (Xy)
0 1 1 1 1

0.1
0.2
0.3
0.4
0.5




A=0 (x)

B=1 (y)

C=1 (yu)

D=B + 0.1 (3B + 2C — (2A?% +1)e?4):
C=C+0.1 (4B +C + (A%2+2A —4) e?4):
B=D:

A=A+0.1

A=0

e>A/3—eA/3+e24;
e2A/3+2/3e A3+ A%e?A:
A=A+0.1
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IIL GIAI GAN PUNG PTVP CAP CAO:

Xét phuong trinh vi phan bac m
ym(x)=f(x,y,y’, .., ym), a<x<b
v4i diéu kién ban dau

y(a)=a, y(@)=a,, ...,y™D@)=qa,
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bt y =y, y,=y¥, ¥3=Y" ooy Y=y
Ta chuyén phuong trinh vi phin bic m vé hé
m phuong trinh vi phan cip 1

(Y=Y
Y2= Y3
< .
Y m1= Ym

Ly, = (X, y,y, ..., y@™D)
v4i diéu kién ban dau

y, (@) =04, y(a) =0,, ....,y,(a) =0,



Vidu : St dung cong thic Euler gidi gan ding
pt vi phan cap 2
y “—2y +2y=sinx e, 0=x<0.5
diéu kién ban dau
v(0) = -0.4, y*(0) = -0.6
vO1 buéc h=0.1
So sdnh v&i nghiém chinh x4c bi€t nghiém CX
y,(x) = 0.2e%* (sinX — 2c0sX)
y,(x) = 0.2e**(4sinx - 3cosx)=y’

27



dity, =y, y, =y chuyén pt vé hé

{y,l = Y
y’, =sinx e~ 2y, + 2y,
di€u kién y,(0) =-0.4, y,(0) = -0.6

Cong thuc Euler

CV,0=-0.4

CYiket = Y1k T 0.1y

(¥20=-0.6

| Yake1 = Yax + 0.1 (sinxek - 2y, +2y, )

<

28



Xy

¥(X)

Yok

Y2(Xk)=y ’ (Xk)

0

-0.4

-0.4

-0.6

-0.6

0.1

0.2

0.3

0.4

0.5

A=0
B=-0.4
C=-0.6
D=B+0.1

C=C+0.1(sinAe?A — 2B + 2C)

B=D
A=A+0.1

C
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