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I. DPAT BAI TOAN :

Hé phuong trinh tuyén tinh n pt va n
an c6 dang

Ax =D
vi1
/all Ay d, ) (‘xl ) (bl )
AZ(%)Z Ay, Ayy o Ay, . X, b b,
\anl anZ ann ) \xn) \bn)




Cac phuong phap giai
» Phuong phdp giai chinh xac

O\

=" Phuong ph
=" Phuong pl
= Phuong pl
=" Phuong ph

p Gauss

)
O\

p Gauss-Jordan
p nhan to LU
p Cholesky

)
O\

O\

> Phuong phdp gidi gan ding

" Phudng phap lap Jacobi
* Phudng phap lap Gauss-Seidel



II. PHUONG PHAP GAUSS
1. Cac dang ma tran déc biét :

a. Ma tran chéo :

(a,, 0 ... 0
e 0 a, 0
\ 0 0 a )

detA=a;a,,...a,, 70 a, %0, Vi



b. Ma tran tam giac duoi

(a,, 0 ... 0)

a a ... O
A: 21 22

\anl anz ann/

detA=a;a,,...a,, 70 a, #0, Vi

Phudng trinh ¢6 nghi€m
( b

X, = —
all

1 k—1
x, =—1I[b, — Zaijj] k=2,n
\ Ak j=1




c. Ma tran tam giac trén :

(a,, a, .. a, )
e 0 a,, .. a,,

detA=a;a,,...a,, 70 a, #0, Vi

Phudng trinh ¢6 nghi€m

X, =L[bk — Z a.x;],k=n-1,1
Ay

L J=k+1



2. Phuong phap Gauss :

Ta st dung cdc phép bi€n ddi sd cap theo
dong d€ chuyén ma trdn A v€é ma tran
tam giac trén

C4c phép bién doi sd cdp theo dong
> hodn chuyén 2 dong
> nhan 1 dong véi 1 s6 khac 0
» cOong 1 dong v6i dong khac



Vi du : Giai hé phuong trinh

X, — X, +2x,—x, =8

X, + X, + X,

\

Giai
1 -1 2 -1]-8
2 -2 3 -3]-20
[A/b]=
1 1 1 0]=2
1 -1 4 3|4
1 -1 2 -I|-8
hy<>hy
o |02 -1 16
0O 0 -1 -1-4
0O 0 1 2|6

2x,—2x,+3x,-3x, =

hy=hy—Iy

~20
= -2

X, —x,+4x, +3x, =4

A\ 4

hd=h4+h3

v

1 -1
0 0
0 2
0 0
1 -1
0 2
0 0
0 0

2
—1
-1

2

2
-1
-1

0

—1
—1
1
4
—1
1
—1
1

Giai pt ma tran tam giac trén, ta dugc nghiém

x=(-7,3,2,2)




[1I. PHUONG PHAP NHAN TU LU

Phan tich ma tran A thanh tich2 ma tragn L va U
A=LU

L : ma tran tam gidc duGi

U : ma trdn tam giac trén

Phuong trinh Ax =b < L(Ux)=b

Ta dua vé giai 2 hé phuong trinh

(Ly=b

Ux=y




Phuong phap Doolittle :

Gid st A ma tran khong suy bi€nva a,, #0
Ta c6 thé phan tich A thanh

A=LU
(1 0 0)
L= ! " Ma tran A duéi
L Lo L)
(ull U, l/tln\
| O ety Ma trin A trén

\ 0 0 unn)



Cé4c phan tf ciia L va U dudc xdc dinh theo
cong thuc

( .
u,=a,;, 1<j<n
a.
[, =—, 2<i<nm
U
d i—1
U, :aU—Zlikuk], 1<i<j
k=1
1 -
; :—[aU—Zlikuk]], 1< j<i
k Ji =1
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Vi du : Giai hé phuong trinh
(2x,+2x,-3x,=9
—4x,—3x,+4x, =-15
22X, +x, +2x; =3

-

Giai
Ta phﬁn tich
2 2 -3
A=|-4 - 0 u,, u,
0 0 u,,

Uyy = dyy — Zzlulz 1

Uy = dysy — 121”13 = -2

] 1

30 = (ay, —Lu,)=-1
Uy,

Uyy = Ayy — Ly — LU,y = 3 12



Gidihé Ly =b

_3/

AN on
I
=~
)
91I_A3
I
RN
e
° < - [l
-9 - &
oy
o
oy

X

-3

2 2

-1

Nghiém x, =2, x, =1, X4
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TH dac biét : A ma trdn 3 dudng ché€o

Ta phan tich A thanh LU vd1

all

a21

L
0

alZ

0
1

132

0
0
1

0
0
0

0 0
0 0
0 0

a

Uy
0
0

U,

M22

0

0
Uy

Uss
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C4c phan tif cia L va U dugc xdc dinh theo
cong thuc

-

d
_ _ _ Gy
Uy = Ay, Uy = Ay, by =
U,
w; =a; =l u, ;, 1=2,n
<
Uy =iy 1=2,n—1
a. ..
i+11 .
Uu..
_ I




Vi du : Giai hé phuong trinh Ax=b

2 -1 0 (2
A=|-1 2 -1| b=|1
0 -1 2 2)
Giai
Ta phéan tich

(1 0 0Y)2 -1 0)
A=|-1/2 1 O0||0 wu,, u,
.0 L, 1){0 0 uy)

Upy = Ay — byt =3/2

a
— — _ 32 _
M22

Usy = Ayy — Lty =4/ 3



Gidihé Ly =b

1 0
-1/2 1
0 —2/3

0
1

Giaihé Ux =y

2 -1 0
0 3/2 -1
0O 0 4/3

V1
)

e,

2
2
10/3

= y=

= X =

2
2

10/3,

5/2
3
5/2

Nghi€ém x, = 5/2, x, = 3, x;=5/2
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I1I. PHUONG PHAP CHOLESKY
Dinh nghia :

> Ma tran A goi 1a doi xing n€u
A=Al

> Ma trdn A goi 1a xdc dinh duong néu

n n
x'Ax = ZZaljxl.xj >0,Vx=(x,,X,,...,x,) € R",x#0

i=1 j=1
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D€ ki€m tra x4dc dinh duong, ta dung dinh 1y sau:

Pinh Iy :
Ma trin A 1a x4c dinh dudng khi va chi khi tit
c4 cdc dinh thic con chinh ctia n6 déu duong

Vi du : Ki€m tra tinh x4c dinh duong cia ma trin

1 1 -1
A=l1 2 0
Giai 1 0 4

Cac dinh thic con chinh: A, =1>0,A, = E ;‘ =1>0
1 1 -1
Ay=[1 2 0 :—1‘
-1 0 4

1 1

1 2 (1 1
-0
1 2

+4 =250
-1 0 -1 0

Viy A la xac dinh dudng
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Dinh ly (Cholesky) :
N€u A ma trdn doi xdng va xdc dinh dudng, thi
tOn tai ma tran A dudi, kha ddo B sao cho
A = BBt
Ma tran B = (b;;) tim theo cOng thurc sau :

by, =Ja,
a .
b, =—L 2<i<n
ll b b
11
< i—1
_ 2
b,= la,— ) b,, 2<i<n
k=1
| Vi
bij:b_[al]_ blkbjk]9 2£]Sl
L ]] k=1
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Vi du : Giai hé phuong trinh Ax=b

1 1 -1 1
-1 0 4 3

Giai
Ta c6 A ma trdn d6i xitng va xdc dinh dudng
Phian tich A = BB!

Cac hé so

1 0 O ;
B=|1 b, 0 bzzz\/azz_bzzlzl
—1 by, by 1D, = L[aw —b;,0,]1=1
b,,
\b33 = \/a33 - b321 - b322 = \/5




Gidi hé By = b

V1
)
Y3

Giai hé B'x =y

1 1T -1
0O I 1

0 0 2

1 1
=2 |=>y= |

3 3/2

| 3

| =>x=|-1/2
3/2 3/2 )

Nghiém x, =3, x, =-1/2, x;=3/2
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IV. PHUONG PHAP LAP
1. Chuan :

a. Chuan vector :
Pinh nghia :
Chuin clia vector xeR" 13 ham s6 thuc
ky hiéu 12 lIxll, théa 3 di€u kién sau :
(1) IIxlI=0, VxeR® va lIxll = 0 < x=0
(11) IAxIl = Al lIxIl, VxeR", ¥V AeR
(i) llx-+yll <IIxll + Nlyll, Vx,yeR"
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C6 nhiéu cong thirc chuian khdc nhau, xét 2
cong thuc

VX= (X{,Xg50es X))

| x .= max {|.x; [

1<x<n

n
x|, = Z| X; |

i=1

X N « R N P A
D€ dang ki€m tra lIxll, lIxll, 1a cac chuan
BN ~ N ~
goi la chuan o va chuan 1
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b. Chudn ma tran :

Dinh nghia :
Chuin ctia ma trin A dudc xdc dinh theo
cong thuc

Ax
| A |[= max” | = max || Ax ||
x#0 || X || |lx||=1

Dinh Iy : Cho ma trin A = (a;)), ta ¢6

| A],=max{} |a, [}
j=1

1<i<n

n
I 41,=max (Xl a, |
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c. Hoi tu theo chuan :

Dinh nghia :
Day céc vector {x™}eR"hdi ty vé x
theo chudn néu lIx™ —x|| -0 khi m—©

Pinh Iy :

Day {xM=(x,™), x,m __ x M)} cR"hodity vé
X = (X{, X5, ..., X,) theo chuan n€u va chi néu
day {x,™}hoi tu vé x, khi m—o, Vk=1,n
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2. Phuong phap lap :

Ta chuyén hé pt vé dang
Xx=Tx+c¢
V6i T 12 ma trAn vudng cAp n va c 1a 1 vector

P€ tim nghiém gin ding, v4i vector ban dau
x® ta x4y dung day lap theo cong thirc

x(M = Txm-Dy ¢ ¥Ym=1,2....

Ta can khdo sdt sy hoi tu cua day {x™}

27



Ta c6 dinh 1y sau

Dinh Iy :

NE&u IITl < 1 thi day lip x™ s& hoi tu vé nghiém
x ca hé pt, v6i moi vector ban dau x©.

Ta c6 cong thitc danh gid sai s :

() llx —xIIS1 IIT”IIX(D—X(O)II tién nghiém

7l

I x"™ —x" DI hdu nghiém
1-1TIl

hodc (2) Ix"™ —xl
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V. PHUONG PHAP LAP JACOBI

Ta phan tich
A=D-L-U
trong do 0 0 .. 0
I —a,, O .. O i A dudi
all O O B cee  ess  ses  ses md ran o
D = 0 @ - 0 ma trdn chéo 4y T 0
O O 0 a
0 -a, —a,
U= 0 0w ma, ma trdn A trén
0 0 0 0
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Phudng trinh Ax=Db
< (D-L-U)x=b
< Dx=(L+U)x+Db
< x=DIL+U)x + Db
< x=1Tx+c¢
véi T=DY(L+U)vac=D"b

pp lap theo phén tich trén go1 1a pp lap Jacobi

Biy gid ta tim di€u kién d€ pp lip Jacobi HT
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Dinh nghia :
Ma trdn A goi1 la ma tran dudng chéo troé1 nghi€ém
ngit n€u né thda di€u kién sau :

n
Y la <la,l, Vi=ln
1] 1

Jj=1,j#i

Nhan xét :
N€u A 1a ma trin dudng chéo troi nghiém ngit thi
detA=0vaa,#0 Vi=l,n
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Dinh 1§ :

N€u A 1a ma trdn dudng chéo trdi nghiém ngit,
thi pp 1dp Jacobi hoi tu v4i moi gi4 tri ban dau x©@

Ta c6 cong thuc lap Jacobi

x(M = Txm-Dy ¢ Ym=1,2,...

x" = Z (ml) Zn:ax(ml)+b]Vl—1n

a; Jj=1 j=i+l
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CM
Tacé x™ =Txm-Dyc T =DYL+U)vac=D'b

0 -Z . L L

1/a 0 0 ay 4, 5
s 0 Vay .o 0 - _% o _% . 5_2
22 22 22

0O 0 0 l/a, :

_anl _an2 0 bn

ann ann ann

A ma trin dudng ché€o tro1 nghi€m ngat nén

171l = max{ Z

Isisn 4] ]#Ia..l

= pp lap hd1 tu
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Vidu : Cho hé phuong trinh

(10x, +x, —x, =7

sx, +10x, + x, =8

- X, +x,+10x, =9

a. Tim nghiém gan ding x® vdi vector ban dau
<0 = (

b. Tinhma trdn T va c

c. Tinh sai s6 ctia nghiém x©
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10 1 -1
A=|1 10 1 ma trgn duong chéo trgi nghiém ngdt
-1 1 10

Cong thuc 1ap Jacobi

1
(m) _ (m-1) (m—1)
x=—( —x, +x, +7)
10
1
(m) (m-1) (m—1)
:x)" =—(—Xx —X +8)
2 10 1 3
1
(m) _ (m-1)  _ (m-1)
X, = 10 (x, X, +9)

(m)

(m)

{

S| O OO

(m)

§




b. Ta co

0 -0.1 0.1 0.7
T'=-0.1 0 -0.1| ¢=|0.8
0. -0.1 O 0.9

c. Cong thic sai sO

19— x < |y _ o
=T

Ta co lITll_=0.2, nén

[x® —x|< %4.9 *10 =0.1225*10°
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VI. Phuong phap liap Gauss-Seidel :
Ta phan tich
A=D-L-U
nhu trong phan trudc
Phuong trinh Ax=b
<  (D-L-U)x=b
< (D-L)x=Ux+b
<  x=(D-L)'Ux + (D-L)'b
< x=Tx+c¢
véi T=(D-L)'Uva c=(D-L)'b
pp lap theo phin tich nay go1 la pp lap Gauss—Seic}wel




Dinh Iy :

N€u A 1a ma trdn dudng chéo trdi nghiém ngit,
thi pp lap Gauss-Seidel ho1 tu v61 mo1 gia tr1 ban
dau x©

Ta c6 cong thuc lap Gauss-Seidel

x(M = Txm-Dy ¢ Ym=1,2,...

1 i—1 n B .
xi(m) - _[_Z aijx;m) B Z aijx;m ’ + bi]’ Vi= l,l’l
a, j=1 j=i+l
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Vidu : Cho hé phuong trinh

(20x, — x, +2x, =12
x, +20x, —x, =13
—2x,—x,+20x,=14

o

a. Tim nghiém gan ding x® vdi vector ban dau
<0 = (

b. Tinhma trdn T va c

c. Tinh sai s6 ctia nghiém x@
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20 -1 2
A= 1 20 -1 ma trgn duong chéo trgi nghiém ngdt
-2 -1 20

Cong thuc 1ap Gauss-Seidel

X = 2_10( £ 2 1 12)
. x;’") — ;—O(—xl(’") + xém_l) +13)
xém) = ZLO(le(m) - x;’") +14)
ey O 1 2 3
XI fu) 0
Xi(m) 0
Xi(m 0




b. Ta co

D-L=

-
Il
S o O

20
1
-2

1
0
0

0 O
20 O
-1 20

-2

1
0

0.05 0 0
= (D-L)'=| -0.0025 0.05 0
0.004875 0.0025 0.05

0 0.05 -0.1

= T=(D-L)y'U=|0 -0.0025 0.055

0 0.004875 -0.00725

0.6
c=(D-L)'b=| 0.62
0.791
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c. Cong thic sai sO

1T
=T

X —x < [ x® —x™|

Ta co lITl =0.15, nén

|x® = x| %3.5123*10—5 =0.6199%10°°
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VII. Hé pt on dinh va s6 diéu kién :

1. Hé pt n dinh :
Xé€t hé phuong trinh Ax =b

Dinh nghia :

Hé phuong trinh goi 13 6n dinh n€u moi thay
doi nhd cda A hay b thi nghiém ctia hé chi
thay doi nhd
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Vidu : Xét hé phuong trin

1 2
A = b =
(1 2.01]

n AX =b vii

(3 j
\3.01

Hé phuong trinh ¢6 nghiém x = (1, 1)t

b= (3.1)

Nghi€ém cua hé : x=(-17,

10)!

Ta thdy nghiém cua hé khdc rat xa khi b
thay d6i nhé. Vay hé khong on dinh
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Vidu : Xét hé phuong trinh Ax =b vdi

10 7 8 7
7 5 6 5
8§ 6 10 9
7 5 9 10

32
23
33
31

Hé c6 nghiémx=(1,1, 1, 1)t

Thay doi A mot it

Nghiém cua hé : x=(-81, 137, -34, 22)1
Ta thdy nghiém cua hé khdc rat xa khi A

A=

10
7.08
8
6.99

7 8.1
504 6
598 9.98
499 9

7.2
5
9

9.98

thay d6i nhé. Vay hé khong on dinh
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2. S6 diéu kién :
Ta tim di€u kién d€ hé 6n dinh
Pinh nghia : SO

k(A) = lIAIll Al

Goi la s6 diéu kién cua ma tran A

Ta c6 cac tinh chat :

() 1<k(A)

o lAxl 114D
TS

ain Ay A4

[ x+Ax| | A+AA]]
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Nhan xét :

S6 di€u kién ciia ma tran dic trung cho tinh
6n dinh cda hé phuong trinh

> k(A) cang gan 1 thi hé cang 6n dinh
> k(A) cang xa 1 thi hé cang khong 6n dinh
Vidu: :[l : j

1 2.01
Tacé (201 -200
~100 100

— k(A) =3.01 x401 =1207.01 >> 1
Vay hé khong 6n dinh
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A= -5/13 11/13 —4/13

Ta co 7/13 -5/13 3/13
3/13  —4/13  5/13

— k(A) =6 x20/13=9.2308 >>1
Vay hé khdng on dinh
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