CHUONG 2
GIAI GAN PUNG
PHUGONG TRINH PHI TUYEN



I. DPAT BAI TOAN :

Bai todn : tim nghiém gan ding cla
phucng trinh

f(x)=0
v4i f(x) 1a ham lién tuc trén khoang
déng [a, b] hay khoang md (a,b).




1. Khoang cach ly nghiém

Khodng déng hay md trén d6 ton tai duy nhat
nghi€m cua phuong trinh goi 1a khoang cach
ly nghi€ém

Dinh Iy :

Néu ham f lién tuc trén doan [a,b] thod di€u kién
f(a) f(b) < O thi phuong trinh f(x) = 0 ¢6 nghi€ém
trén [a,b].

Néu ham f don diéu thi nghiém 12 duy nhat.



PK du: [a, b] 14 KCLN cua pt khi
» f(a) f(b) <0

» DPao ham 1’
khong doi dau

trén doan [a,b]




Vidu :
Tim cac khoang cach ly nghiém cua pt
fx)=x>+x-12=0

Giai :

Ta co f(1) =-10, f(2) =22
= f(1) f(2)<0

Mat khac

f’(x) =5x*+1 > 0 Vx
f ham don di€u ting nén pt ¢ duy nhat nghiém

Vay khoang cach ly nghiém la (1,2)



Vidu :

Tim cac khoang cach ly nghiém cua pt
fx)=x3-3x+1=0

giai :

Ta 1ap bang gid tri tai cdc di€m dic biét

X 201101 1]2
)| - | -1 31 |-1]3]+

Nhin vao bang ta thay pt c6 nghiém trong céc
khoang (-2, -1) (0, 1) (1,2)

Vi pt bac 3 ¢6 t6i da 3 nghiém, nén cac khodng
cach ly nghiém la : (-2,-1) (0,1) (1,2)



Bai tap :

1. Tim cac khoang cach ly nghi€ém cua pt
f(x) =e* —x? + 3x -2

2. Tim cac khoang cach ly nghiém cua pt

f(x) =xcosx — 2x?% + 3x+1



Giai
1. f(x)=e*—-x*+3x -2
f’(x)=e*-2x+3

Ta lap bang gid tri tai cdc di€m diic biét

X -2 -1 0 1 2

f(x) - - - - + +

Nhan xét: £’(x) >0, Vxel[0,1].
Vay khoang cach ly nghiém (0,1)




2. f(x) =xcosx — 2x2 + 3x+1
f’(x) = cosx —xsinx -4x +3
Ta 1ap bang gid tri tai cdc di€m dic biét

X -2 -1 0 1 2

f(x) - - - + + -

Nhan xét
f’(x) <0 Vxell,2],
f’(x) >0 Vxe[-1,0]
Vay cac khoang cach ly nghiém : (-1. 0), (1,2)




2. Cach gidi gan diing pt f(x) =0

> B1: tim tit ca cdc khodng cdch
ly nghi€ém

» B2: trong tirng khoang cach ly
nghiém, tim nghiém gin ding cla
phucng trinh
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3. Cong thifc sai so tong quat :

Pinh I :

Gia su f(x) lién tuc trén [a,b], kha vi trén (a,b)
N€u x* , x 12 nghiém gan ding va nghiém
chinh xdc cua phuong trinh va

’(x)[>m >0, Vx €(a,b)
thi sai s0 dudc danh gid theo cOng thic :

Ix* - x| =< [f(x*) / m
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Vidu : Xét phuong trinh
f(x) = x3-5x2+12
trén khoang [-2, -1]
Tinh sai s6 n€u chon nghiém x* =-1.37

Giai
f’(x) = 3x% -10x
Ta co If’(x)l =[xl 13x-10l = -x(10-3x), Vxe[-2,-1]
Vaiy IW)I>13 =m, Vxe[-2,-1]
Sai s0
Ix*-x| <|[f(x*)|/m = 0.0034

Ghi nhé : sai so luon lam tron lén
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Vi du : Xét phuong trinh
f(x) = 5x+ Yx -24=0
trén khoang [4,5]
Tinh sai s6 n€u chon nghiém x* = 4.9

Giai |
73] x°

|

=> f’(x)I =5+ S =, vVxel[4,5]

f’'(x)=5+

Sai s&
Ix*-x| <|[f(x*)|/m = 0.3485
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4. Cac phuong phap gidi gan diing

» Phuong phap chia doi
» Phuong phap lap don
» Phuong phap lip Newton
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I1. Phuong Phap Chia Do6i

Xét phuong trinh £(x) = 0 ¢6 nghi€m chinh xac x
trong khoang cach ly nghiém [a,b] va f(a)f(b) <O.

l.bata ,=a,b,=Db
Chon x_ 13 di€m giifta cla [a,b]
Ta co x, = (ay+by) / 2, dy=b-a =b-a

Néu f(x,) = 0 thi x_ 12 nghiém — xong
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2. Néu
" f(a )f(x,)<0:ddta,=a_,b, =X,
" f(x )f(b,)<0:data,=x,,b;=b

O

Ta thu dugc [a, b,] < [a,,b,]
X, =(a;+by)/2,d, =by-a;=(b-a)/2

3. Ti€p tuc qud trinh chia doi nhu vay dén n lan ta dudc
[a,, b,] = [a,4,b,,], d, = b,-a,= (b-a)/2"
x,=(a+b)/2,a,<x,<b,a,<x<b,
f(a,)t(b,) <0
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Ta co
{a,} day tdng va bi chan trén (<=b)

{b,} day giam va bi chdn dudi (>=a)
nén chung ho1 tu
ib-a =(b-a)2", nénlima, =limb,
Suy ra lim x, =X
Vay x, 12 nghiém gan ding cua pt
Cong thic sai sO

X, — xI < (b-a) / 2n*!
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Y nghia hinh hoc

a X1 X2 0 o
ai bl
az b,
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Vi du : Tim nghiém gan ddng cla pt
f(x) = 5x3-cos3x=0
trén khodng cach ly nghiém [0,1] véi sai s6 0.1

Giai
Ta lap bang
LN |8 @) [by (0n) Xy TX0)| An |
O |0 - 1 + 0.5
1 0.25
2 0.125
3 0.0625

Nghiém gan ding 12 x = 0.4375
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Vi du : Tim nghiém gan ddng clia pt
f(x) = 24+cos(e*-2)-e*=0
trén khodng [0.5,1.5] v§i sai s6 0.04
Giai

Ta lap bang
LN ja, f@) by fbp) Xy )| An |
0 0.5 + |15 - 0.5
1 0.25
2 0.125
3 0.0625
4 0.03125

Nghiém gan ding 1a x = 1.03125



I11. Phuong Phap Lip Pon

Xét phuong trinh f(x) = 0 ¢6 nghi€m chinh xac
X trong khoang cach ly nghiém [a,b] va
f(a)f(b) < 0.

Ta chuyén pt f(x) =0 vé dang
X = g(x)

Nghiém cia pt goi 1a di€m bat dong clia
ham g(x)
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P€ tim nghiém gin ddng, ta chon 1 gi4 tri ban dau
X, € [a,b] tuy ¥

Xay dung day lap theo cOng thuc

X, =gX,.), Vvn=1,2, ..

Bai todn cua ta la khao sat sy hdi tu cua day {x,_}

Tong quat, diy {x,} c6 thé hdi tu hodc phan ky

Néu day {x,} hoi tu thi n6 s&€ hoi tu v€ nghiém x
cua pt
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Y nghia hinh hoc

y =9(x)

X1 X3

X4 Xy Xo

v
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Vidu : Minh hoa su hdi tu cua day lap
An+l = g(Xn) = aXn-l_b

Truong hop |2 < 1 Truong hop [a > 1

y=g(x)

w1y x
w_ e
o = X 1

3:!]3:1 X2

BERSEEEST: /

Day hoi ty Day phan ky
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Bay gid ta tim di€u kién dé€ day {x,} hoi tu
Ta c6 dinh nghia sau

Dinh Nghia : Ham g(x) go11a ham co trén
doan [a,b] n€u Jq : 0<g<1 sao cho
gx)—g(y)I<qlx—-yl, VX, y €[a,b]
q goi la hé so co

PE ki€m tra ham co, ta ¢6 dinh 1y sau
Pinh 1y : Néu ham g(x) lién tuc trén [a,b],
kha vi trén (a,b) va 3q : O<g<l1 sao cho

| g’(x) 1<q, Vx €[a,b]

Thi g(x) 1a ham co v6i hé sd co g
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Vi du : Xét tinh chat co cia ham

g(x) =10-x
trén khoang [0,1]

Giai
Hié€n nhién g(x) kha vi trén [0,1]

Ta co
1

1

< =g,

33(10-x)* 3381 !
q~0.0771 <1

Nén g(x) la ham co

g’ (x)| =

Vx e|0,1]
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Vi du : Xét tinh chat co cia ham
g(x) = (x%-e*+2)/3
trén khoang [0,1]

Giai

Hié€n nhién g(x) kha vi trén [0,1]
g’(x) = (2x-e*)/3
g”(x) = (2-¥)/3=0 < x =1n2

Taco g’(0)=-0.33,¢g°(1) =-0.24
g’(In2) =-0.2046

= |gx)I1<£033=qg<1, Vxe[0,1]

Nén g(x) la ham co
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Dinh ly (nguyén ly anh xa co) :
Gid st g(x) 1a ham co trén [a,b] v6i hé so co q,
dong thoi g(x) € [a,b], Vxe [a,b]

Khi 4y v6i moi gid tri x, ban dau € [a,b] tuy ¥,
day lip {x,} hoi tu vé nghiém x cla pt

Ta c6 cong thitc danh gia sai sO

n

1) |x —xl|< 1q 'x,—x,| tiénnghiém
—q
—q

Nhén xét :Cong thic (2) sai s6 chinh xdc hon cong thitc (1) ,,

N




Vidu : Xét phudng trinh
f(x)=x>-3x2-5=0
trén khoang cach ly nghiém [3,4]
Gid st chon gid tri ban dau x_ = 3.5
Tinh gan ding nghi€ém x, va sai sO A,
Giai
Ta chuyén pt vé dang x = g(x)
C6 nhiéu cdch chuyén :
Cach 1: x:x_z_ézg(x)
3 x
2x

5
g'(x)= ;T2 Khong phdi ham co
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Cach 2: x=3+%=g<x)

| 10 | 10
g'x)=—— = |g'x) £ —==¢,Vxe]3,4]
X 27

q<1 néngham co

Hi€n nhién g(x) € [3,4] nén pp lip hdi tu

xday dung day lap
(x, = 3.5
y 5
x,=3+—F,Vn=12,
X n—1
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Ta lap bang

Sai1 sO

A, =

L .
0 3.5
1 | 3.408163265
2 | 3.430456452
3 | 3.424879897
4 | 3.426264644

4| x,—x,1~0.00082
I-q
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Vi du : Tim nghiém gan ddng cla pt
f(x) = x3+x-1000=0
vGi sai s6 108
Giai
£(x) = 3x2+1 > 0, £(9) = -262, £(10) = 10
Viay khoang cach ly nghiém [9,10]
Ta chuyén pt vé dang x = g(x)
Cé6 nhiéu cdch chuyén :
Cédch 1: x = 1000 — x> = g(x) khong phai ham co
Cich2: x=v/1000-x = g(x)
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Hién nhién g(x) kha vi trén [9,10]

1

1
o’ (x)| = <
g (x) 33/(1000—x)>  33/9902

q~0.0034 <1, nén g(x) la

=q,Vx €[9,10]

ham co

Dé dang ki€m tra g(x) €[9,10], Vx € [9,10]
(9<31000—x <10 <0< x <271)

Theo nguyén ly anh xa co thi

Chon x_, = 10, xay dung day 14

pp ldp ho1 tu

0 theo cOng thuc

x, =3/1000-x _, Vn=1,2,3,.
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Sai sO (dung cong thic (2) hiu nghi€ém)

| x - x | l—qq lx - x,_, |
Ta lap bang
H
0 10
1
2
3

Nghiém gan ding x* = 9.966666789
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Vidu : Xét phudng trinh
f(x)=x—-cosx=0
trén khoang cach ly nghiém [0,1]
Gid st chon gid tri ban ddu x_, = 1. X4c dinh s6 1an
lap n khi xap xi nghi€ém pt vé§i sai s6 108
(dung cong thitc tién nghi€ém)

Giai
a. Ta chuyén vé pt
X = COSX = g(X)
g(x) 12 ham co v6i hé s co g =sinl < 1
Mait khac g(x) =cos x €[0,1] nén pp lap ho1 tu
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xday dung day lap
X, =1

X, = COS X,

X4c dinh s6 1an lip bing cong thic tién nghiém

n

| x, — x| c | x, —x, [<107°
1-g¢
. -8
— 0> 1ogZDY 1060 = 112.8904
|, — X, |

Vay so lan lipn =113
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Nhan xét :

T6c @ hoi tu ctia pp lap don phu thudc vao
gid tri cua hé sd co g

> q cang nho (gan véi 0) thi pp 1dp hoi tu
cang nhanh

> qcang 16n (gan v4i 1) thi pp lip hoi tu
cang chim
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IV. Phuong Phap Lap Newton

Mot phuong phap 1ap khac 1a pp 1ap Newton,
néu hoi tu sé& cho tdc dd hdi tu nhanh hon

Gia st ham f kha vi trén khoang cach ly nghiém
[a,b] v&i f(a)f(b) <0 va £°(x) 0, Vxe[a,b]

Phuong trinh f(x) = 0 tuéng duong vGi pt

W) _
TR
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P€ tim nghiém gan ding ta chon 1 gi4 tri ban
dau x_e[a,b] thy y. Xay dung day lip {x,}
theo cOng thic

n

n—1

_ J(x,)

f(x,.)

Vn=12,..

CoOng thuc nay goi1 la codng thic 1ap Newton

Tong quat, diy {x_} c6 thé hdi tu hoidc phan ky
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Y nghia hinh hoc

y = f(x)
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Dinhly :

Gid st ham f(x) c6 dao ham dén cip 2 lién tuc
va cdc dao ham £ (x) va £7(x) khong ddi dau
trén doan [a,b].

Khi 4y n€u chon gid tri ban diu x_ thda
diéu kién Fourier
(x)t7(x,) >0

Thi day lap {x,} xac dinh theo cong thuc
Newton s& hoi tu vé nghiém x cua pt
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Chuy:

> Diéu kién Fourier chi 12 di€u kién dd khong
phdi 12 diéu kién can

> Tu di€u kién Fourier ta dua ra qui tic chon
gid tri ban dau x_ nhu sau :

néu dao ham cip 1 va 2 cung diau, chon x_ = b.
Ngugc lai trai ddu chon x_=a

> Diéu kién Fourier f(x )f”(x,) c6 thé = 0 tai
cac diém bién
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» Trong pp Newton, dao ham f’(x) phai # 0.
Néu I cea,b] : °(c) =0 thi ta phai thu hep
khodng c4ch ly nghiém dé loai bd di€m c.

> DE danh gi4 sai sd clia pp Newton ta dling
cong thic sai sO tong quit
Ix* - x| = If(x*) / m

m = min |f’(X)l
xela,b]
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Vi du : Tim nghiém gan ddng cla pt
f(x) = x-cos x =0
Trén khodng cach ly nghiém [0,1] v§i sai s6 108
Giai
1. Ki€m tra diéu kién hdi tu
f(x) = x — cos x c6 dao ham cidp 1 va 2
l1én tuc trén [0,1]
f’(x) = 1+smnx > 0, Vxe[0,1]
f7(x) =cosx >0
f(x) va £”(x) cing dau, chon x_ =1 ta c6
pp lap Newton hoi1 tu
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2. Xay dung day lap Newton

x, =1

X, _, —COSX
x =x, _, ——=— L Vn=1,2,..
l+sinx, ,

Cong thic sai s

m=min | f(x)[=1

x, —x[<| f(x,)|/m=|x, ~cosx, |

Lon X Ay

1

WIN|I—~|O

Nghiém gan ding x = 0.739085133
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Vi du : Cho phuong trinh
f(x) = x3-3x+1=0

Trén khoang cach ly nghiém [0,1]. Dung pp Newton
tinh nghiém x, va ddnh gid sai s6 A, theo cong thiic
sai sO tong quat

Giai

1.Ki€m tra diéu kién hdi tu

Ta thay " (x) =3x2-3=0tai x = 1, do do6 ta

chia d6i d€ thu hep khodng cich ly nghiém.

Vi £(0) =1, £(0.5) =-0.375

Thu hep khoang cach ly nghiém [0, 0.5]
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f(x) ¢6 dao ham cap 1 va 2 lién tuc trén [0, 0.5]
£(x) = 3x2-3 < 0
f’(x) =6x>0, Vx €[0, 0.5]

f(x) va £7(x) trdi dau, nén chon x_ = 0 thi pp lip
Newton ho1 tu

2. X4y dung day lap Newton
x, =0
X —=3x _ +1

n n—1 2
3x, =3
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Cong thidc sai sO
m= min | f'(x)]=2.25

0<X<0.5

[x —x K| f(x)|/m=|x]-3x +1|/2.25

L.n 0 X | A |
0 0
1
2
3

Nghiém gan ding x = 0.347296353
Sai s6 0.2545x108
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V. Gidi gan ding hé pt phi tuyén
biang pp Newton Raphson

Hé phuong trinh phi tuyén

S (x5 x,,.5x,) =0

Trong do f.(x,, X,, ..., X,) 1a cdc ham lién tuc va co6 dao
ham riéng theo cic bi€n x, lién tuc trong 1an cin cla
nghi¢m
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Phuong trinh tuong ducng
f(x)=0
Vot =, 1,, .., 1), X=X, Xy, -0, X,)

Chon gid tri ban dau x@ tdy y thudc 14n cin cla
nghiém. Ky hiéu x® 12 bd nghiém gan ding &
budc thu k

CoOng thuc Newton
X = x-D _f(xDyf> (xkD) vk =1, 2 ...
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Ta dua vé giai hé phuong trinh tuyé€n tinh
Ah=Db

véi b = -f(x®)
A la ma tran Jacobi

o lox, ook, .. O,

A:f'(x):(%/@xl /%, .. Of,/ox,

of, /ox, of /ox, .. of, /0ox

Nghiém gin ding: x&D=x® 4+ h

51



Xét trudng hop hé gdom 2 phuong trinh v4i 2 4n
@

< F(x,y)=0

G(x,y)=0

V61 F(x,y), G(x,y) 1a cdc ham li€n tuc va ¢o6 dao
ham riéng theo cdc bi€n x, y lién tuc trong lan
can cua nghiém
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Chon (x,, y,) tuy ¥ thudc Ic cua nghié¢m,
cOong thitc Newton gom 2 day {x_}, {y,)

Jy (xn—l ’ yn—l)
'xn = 'xn—l o
) '](’xn—l > yn—l)
S (Xyts Vi
yn :yn_l _ x( n—1 yn 1)
L J('xn—l > yn—l)
Trong do J = F’f FX
G, G,
F. F
J =
G G
Néu day (x,,y,) hoi tu thi

cua pt

(@N

(@)

#0,V(x, y)trong lc cua nghiem

F F,
G G,

hoi tu vé nghiém (x,y)
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Vi du : Tim nghiém gin ding véin = 1 cta hé pt
F(x,y)=x+3lnx—y’
{G(x,y) =2x> —xy—5x+1
Néu chonx,=1.5,y,=-1.5

Giai
() (EH.0 ) (EHHS
j— \ — x j— , ju— j—
G 0.25 G. dx—y—5 25) \G, —x ) \-1.5
= 7 J=-12 J =|7 =-0416 J = "'|=—1.4496
. G, G. G |G G,

~

x, =x,———=1.3792

Jx
V1i=Vo— 7

—1.5347
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Vi du : Tim nghiém gin ding véin = 1 cta hé pt
F(x,y)=x"+xy—-10
{ G(x,y)=y+3xy’ =57
Néu chonx,=1.5,y,=3.5

Giai
FY (25) (E | (2x+y) [ 65 F, [ x ) (L5
G) \1.625) \G.) \ 3 ) (3675) (G, ) UU+6xy) (325
X F F F
J=|* =156125 J. = " |=1024375 J, = /| = —83.6875
X Y Gx G ’ G Y

J
X, =X, —7y =2.0360
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